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Periodic structure: photovoltaic cells

Cell
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Helmholtz equation

We consider the following Helmholtz problem

Incoming light

—Kcu—V-(AVY) = f inQ, 0
AVu-n—Zu = 0 onTly, \ Ta
u = 0 onlp,
um —e““uy = 0 only.

where My Mt
Q:=(0,61) x (0, £) ‘

k € R is the angular frequency

f is a given source term
a=ksin(f) € R
2, A are the physical coefficients

p
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Helmholtz equation

Let us assume that = — 1 and A — /
Incoming light
—Ku—-V-(Vu) = f inQ, &
Vu-n—Z%u = 0 onlj, Ta
u = 0 onlp,
u-—e“'uy = 0 only.
where Mg— M+

Q= (0,51) X (O,Ez)

k € R is the angular frequency
f is a given source term

a = ksin(f) € R

I}
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Variational formulation

The standard variational formulation reads: find u € H;(Q) such that
b(u,v) =(f,v)a VvEe H,jl(S'Z)7
where

b(u,v) := —k*(u,v)a — (Zu, v)r, + (Vu, V),

and

Hlil(Q) = {V S Hl(Q) | V‘I_D =0 and v. — ef"/LV }

m We are investigating the impact of the QPBC.
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DtN to truncate the unbounded computational

We consider the following Helmholtz problem

~Ku—-V-(Vu) = f inQ,
Vu-n—Z%u = 0 onTla, A
u = 0 onlp,
u- —e*u, = 0 onTly.
My e
Tp
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DtN to truncate the unbounded computational

We consider the following Helmholtz problem

—kKu—-V-(Vu) = f inQ,
Vu-n—Z%u = 0 onTla, A
u = 0 onlp,
u- —e*u, = 0 onTly.
where . Tpy
Ru = Z ik tipe (e tenx
and
k= k* — 2nm/61))?.
Fi= K = (a+ (2nm/02)) -

6/50 Zakaria Kassali A MHM method for the Helmholtz equation with quasi-periodic boundary conditions



DtN to truncate the unbounded computational

We have .
Ru = g ik, T,elerenx

ne

with

K= k* — (a4 an)”.

m 7/ represents a "outgoing"” condition.
m 7 is a non-local operator.
m 7/ is not convenient for numerical calculation.

m 7 is approximated using a PML.
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Study motivations

8/50

m We focus on homogeneous media with QPBC.

m This specific periodic geometry can affect:

The used numerical methods;

The Perfectly Matched Layer (PML).

m We seek to have frequency-explicit results.

m We show that the MHM handles efficiently the QPBC.
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Outline

Stability analysis
Analysis of the PML technique
A MHM method

FEM/MHM comparison
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Outline

Stability analysis
m Frequency-explicit stability
m Link between trapped rays and stability
m Frequency-explicit stability for the quasi-periodic case
m Numerical illustrations



Outline

Stability analysis
m Frequency-explicit stability



Stability estimate

The stability estimate

K [lullo,q < @t (K) [Ifllo,g

is of paramount importance here, since:
m it is equivalent to the well-posedness of the problem,
m it describes how the solution is controlled by r.h.s. for all frequencies,
m 7. (k) appears in the error estimate of the used numerical method,

m 7. (k) appears in the error of the solution obtained by using PML.
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Standard stability results

m Considering the standard case (without QPBC)
Cse (k) =~ k.
m Some references on stability estimates
m F. Ihlenburg, |. Babuska 1997: one-dimensional problems.
m J.M. Melenk 1995: two-dimensional star-shaped domain.

m T. Chaumont-Frelet 2015: two-dimensional layered media.
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Outline

Stability analysis

m Link between trapped rays and stability



Trapping and non-trapping cases

m %, (k) may be linked with the "trapping” characteristics of domain Q.

A MHM method for the Helmholtz equation with quasi-periodic boundary conditions

Zakaria Kassali

12/50



Trapping and non-trapping cases

m %, (k) may be linked with the "trapping” characteristics of domain Q.

-7 N - ~
- ~ - ~
s N 4 N
7 7
N N
4 v \ 4 "4 \

/ \ / \
/ \ / \
! \ ! \
1 \ ! \
I | ! |
| I | I
\ D ! \ D
\ ! \ !
\ / \ /
\ ’ \ /
A\ / \ /

N 7’ N 7
~ - ~ .
~ - ~ -
~ - ~ -

12/50 Zakaria Kassali A MHM method for the Helmholtz equation with quasi-periodic boundary conditions



Trapping and non-trapping cases

m %, (k) may be linked with the "trapping” characteristics of domain Q.

A MHM method for the Helmholtz equation with quasi-periodic boundary conditions

Zakaria Kassali

12/50



Trapping and non-trapping cases

m %, (k) may be linked with the "trapping” characteristics of domain Q.

P =~ ~
4 ~
4 N
4 N
4 \
4 \
/ \
! \
! \
1 I
' D !
\ i
\ /
\ /
\ ’
N 7
~ -
~ -
~ ~

A MHM method for the Helmholtz equation with quasi-periodic boundary conditions

Zakaria Kassali

12/50



Trapping and non-trapping cases

m %, (k) may be linked with the "trapping” characteristics of domain Q.

A MHM method for the Helmholtz equation with quasi-periodic boundary conditions

Zakaria Kassali

12/50



Trapping and non-trapping cases

m % (k) may be linked with the "trapping” characteristics of domain .

All rays escape Q.
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Trapping and non-trapping cases
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Trapping and non-trapping cases

m (k) may be linked with the "trapping” characteristics of domain .
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Trapping and non-trapping cases
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All rays escape Q.

K lulla < KIflla

Some rays are trapped.

Klulla S exp(ak)]fla
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Quasi-resonant modes

Incoming light

el A

M- N N N M+

4

p

m The quasi-resonance modes are:

Plane waves that satisfy the QPBC.
Normal incidence: 3j € N, U1k = 27j.
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Quasi-resonant modes

Incoming light

0
\ A

M- N N NN Mot

2]

p

m The quasi-resonance modes are:

Plane waves that satisfy the QPBC.

Normal incidence: 3j € N, U1k :=27j.

Oblique incidence: 3j € N, (1 —sin(0)) l1k := 2mj.
They depend both on k and 6.
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Trapping in periodic case

Incoming light

% )

M- N N N M

4]

I}

m For the standard case, without QPBC, we have: . (k) ~ kil

m What will be the effect of the QPBC? ¢ (k) ~77
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Outline

Stability analysis

m Frequency-explicit stability for the quasi-periodic case



Stability proof

m Quasi-periodic boundary conditions give that

U(X) _ Z/ljn(xz)ei(cwran)n’

n€Z
where
7/(1723" — a:,/ = /f; onl = (0,£2),
W) = o,
,17:1(62) - ikn/l]n(KZ) = 0,
and

k-—{ K2 —(atan?| if (atan) <K

"l i/Ik2 = (a4 an)?|  otherwise.

m We use the notation k, := min |kn|.
n€Z
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Stability proof

m Quasi-periodic boundary conditions give that

u(x) = Z Tn(xp)eltom

nEZ

where
_kn2/l]n - a;,l = /f; on | = (O,gz),
W(0) = o0,
/L\’;(ZZ) - ikn/ljn(€2) = 07

m Using the stability of Fourier modes U, as

lullg.o =€ I[dnlls,r

neZ
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Stability proof: 1D results

Theorem (Estimate for the 1D case)

For all k,, there exists a unique u, and we have

[Tall < 12min(L, (|k.]2) )R-
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Stability proof: 1D results

Theorem (Estimate for the 1D case)

For all k,, there exists a unique u, and we have

[Tall < 12min(L, (|k.]2) )R-

lulg.e = 6> l[dnlls.r

neZ

16/50 Zakaria Kassali A MHM method for the Helmholtz equation with quasi-periodic boundary conditions



Stability proof: 1D results

Theorem (Estimate for the 1D case)

For all k,, there exists a unique u, and we have

[Tn]| < 12min(1, (|4:]62) ) BIfll-

Lemma (One dimensional wave numbers)

We have
b = miIZ1 U1 2> Neon/ Kb
ne

where Ny g0 € [0,1] is defined by

. : k(1 —sin 6) kt1(1 + sin 6)
Ak,l,e = \/271' min ({ o } y { o })7

with {x} = min |x — n| for x € R.
neN
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Stability results

Theorem (Stability in homogeneous media)

We have

%o < 12min (1, (k. £2) 1) (kb2)?.

In particular,

41 1 2
Gt < 12min | 1, ————= | (kf2)".
= ( "l /\k,,_,,m/m) (kéz)
m Sharp stability result in homogeneous media :
m . (k) ~ (k) without QPBC.
m . (k) ~ (k)? if k is close to the resonance frequencies.
m (k) ~ (k0)*/? if k is far from the resonance frequencies.

m We loose one power of the frequency k.
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Outline

Stability analysis

m Numerical illustrations



Numerical example

Let us consider the following 2D Helmholtz problem

—kKu—Au = f in(0,1)x(0,1),
Vu-n—Z%u = 0 onfla,

u = 0 onlp,
u_ —e“y, = 0 only

m The source f € L?(Q) is chosen so that
U(X) _ X(X)eikd,-n-x + eikdm,r-x7

where : d™ - d™ = d°* - d°" =1, df* = d?"* = o+ m for some
meN, d¥ <0 and d3™ = —db".

m This solution has only one k,, = k..
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Numerical illustrations
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k = 107 (left) and k = 157 (right).
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Numerical illustrations
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k = 107 (left) and k = 157 (right).
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Outline

Analysis of the PML technique
m PML problem

PML error estimate

Numerical illustrations

PML problem stability



Outline

Analysis of the PML technique
m PML problem



PML to truncate the unbounded computational domain

PML problem in Q := (0, /) x (0, £2+(p)

2 9] Jdu o} _1 0u L=
—k“vu — e (I/B—Xl> " o (1/ 87)(2) = f inQ
v = 0 onlp,
u = 0 onlp,
u_ —e“y, = 0 on Fn.
Incoming light
X
PML parameters L IEP
- The depth /p > 0.
- The absorption coefficients 7,,~; > 0.
- We further introduce
M- e

- 1 if X2 < 52,
T Yr 4+ ii in X2 > L.

p
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Outline

Analysis of the PML technique

m PML error estimate



PML operator

m We rewrite the problem as

—Ku—Au = f in Q,
u = 0 on Ip,
u- —efy, = 0 on I,
Vu-n = v 'Vup-n onTly,

and 5 5
28 up 8 up

—k2l/2UP — Vv Bx% — 8x§ = 0 inQp,
up = 0 onlp,

up,— —e“up . = 0 onTlpy,
up = u onla.

m We may define %p : H;/2(FA) — (H;/Z(FA))/ as

-1
Hpu:=v Vup-n.
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PML error results

m We may represent the PML as an explicit operator %

, . 14 e?vhknte i(aton)xy 1/2

.AI,U =1 ]__eTkneP nU,,e VU c Hﬁ (rA).
nEZ

m We compute the error [(% — Zp)| < &b, with

, 1 —Up —{p
p = (1 Jr““*/\;\r_(u v/k(Lf]> exp (*?x/\k_[i_n \/k(lfl> s
”«J]) (1 (1

and v, = min(~,,yi).

m &~ /ke 27 VK if ks far from the resonance frequencies.

m Ep A - ‘/,r) if k is close to the resonance frequencies.

X
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PML error results

24/50

Frequency-explicit error for the PML solution

o
Gt EP
—Cst || |0,
2,

K lu—1, o <
|u UHO‘Q*If‘/\‘«l

In the "standard case” we always have exponential convergence on both
lp and ..

Close to the quasi-resonance frequencies, one may only have linear
convergence.

Increasing the coefficient +; affect the absorption of the outgoing
propagative modes (real k, ).

Increasing the coefficient +, affect the absorption of the outgoing
evanescent modes (pure imaginary k, ).
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Outline

Analysis of the PML technique

m Numerical illustrations



Numerical example

Let us consider the following 2D Helmholtz problem

—kKu—Au = f in(0,1)x(0,1),
Vu-n—Z%u = 0 onfla,

u = 0 onlp,
u_ —e“y, = 0 only

m The source f € L?(Q) is chosen so that
U(X) _ X(X)eikd,-n-x + eikdm,r-x7

where : dm . d" = dvt . dot =1, di® = d$"* = o + nr for some n € N,
d <0 and d5" = —di".

m This solution has only one k, = k,.
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Error curves for k = 6.82847, H = ﬁ, v =1 and ~; = 0.6.
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m|(Z— %p)| =V k*e_Q\/ZIZP if k is far from the resonance frequency.

m |(Z— %p)| = i if k is close the resonance frequency.
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Error curves for k = 6.8284w, H = 256, fp=1/8 and v, = 1.
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w |(Z — %p)| = Vkee 2V % if k is far from the resonance frequency and k? > 0.

m |[(Z — %) ~ Wi if k is close the resonance frequency.

m (% —%p) ~C ifki<O.
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Error curves for k = 6.8284w, H = 256, /p=1/8 and v; = 1.
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m |(Z— %p)| = ¥ if k is close the resonance frequency.

w |(Z — %p)| = Vkee 2V P if K is far from the resonance frequency and k2 < 0.
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Outline

Analysis of the PML technique

m PML problem stability



Stability of the PML problem

m We have shown that the PML problem is well-posed for right-hand sides
f € L*(Q) supported in the original domain.
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Stability of the PML problem

m We have shown that the PML problem is well-posed for right-hand sides
f € L*(Q) supported in the original domain.

m Stability of the problem for general right-hand sides / © LZ(Q) is required
for the stability and convergence of FEM.
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Stability of the PML problem

m We have shown that the PML problem is well-posed for right-hand sides
f € L*(Q) supported in the original domain.

m Stability of the problem for general right-hand sides 7 © [?(Q) is required
for the stability and convergence of FEM.

= The PML problem: find & € H}(Q) s.t
— k(0 V)5 + (vOhT, V)5 + (v e, Dav)s = (F. V)5 YV € Hi(Q),
where

H@) = {V € H\) | ¥, =T, =0 and T =7}
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Stability results

The stability estimate

K lalz < () [

0,0

Theorem (Stability in homogeneous media)

We have -
oo Smin (1, (kb)) (kb2)?

> . 41 1 2
fo<min (1,2 ———— ) (k)2
~ ( 42 /\k,e’g’\/ /<£1> ( 2)

In particular,
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Outline

A MHM method
m Motivation
m MHM formulation
m MHM stability results
m Elements of the proof



Outline

A MHM method
m Motivation



MHM references:

ﬁ Harder, Christopher and Paredes, Diego and Valentin, Frédéric.
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A family of multiscale hybrid-mixed finite element methods for the
Darcy equation with rough coefficients.
Journal of Computational Physics, 245: 107-130, 2013.

Chaumont-Frelet, Théophile and Valentin, Frédéric.

A multiscale hybrid-mixed method for the Helmholtz equation in
heterogeneous domains.

SIAM Journal on Numerical Analysis, 58(2): 1029-1067, 2020.
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Motivation

Considering a Cartesian mesh

m First-order polynomial basis functions, the MHM method is exact for plane
waves with x; or x» direction.

= Quasi-resonant modes are plane waves traveling in one direction.
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PML problem in Q= (0,¢1) x (0,42 + ¢p)

We rewrite the PML problem as

—Kvu—V-(DVu) = f inQ,
u = 0 onlp,
u = 0 onlp,

u- —e*y, = 0 only.

where

D— v 0 and o 1 if X2 <€2,
B 0 vt T iy in xa2> L.
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Two challenges

m We employ the MHM method for Helmholtz considering:

m A quasi-periodic boundary condition.

m A perfectly matched layer (PML).

m Our goal is to show that the MHM method is robust in the presence of
quasi-resonances.
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Outline

A MHM method

m MHM formulation



Bases of the MHM method

m The MHM method is based on the primal hybrid formulation of the
Helmholtz equation.

OTH

m The continuity of the unknown is relaxed on the mesh skeleton.

G Lagrange multipliers derive to weakly ensure the continuity of the
solution.

Independent local problems provide basis functions leading to a
multiscale strategy.
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Broken space and Lagrange multipliers

Broken space:

V= {veL2(ﬁ); v € HY(K) for all KGTH}.

To weakly enforce the continuity of the solution u we define the space of
Lagrange multipliers:

ulok = q-ng VK € Ty

A={ue J] H2(K) | 3q € Hdiv; ) a -t e n =0

KeTy

m The effect of the quasi-periodic boundary condition appears in the
definition of A.
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Hybrid formulation

Consider the continuous sesquilinear form a: V x V — C

a(u,v) = Y =k (vu,v) + (DVu, V),
KeTy

and the pairing b: A x V = C

B(isv) = D (V) o -

KeTy

We obtain the key property
HE(Q):={veV | b(u,v)=0 VYueA}.

37/50 Zakaria Kassali A MHM method for the Helmholtz equation with quasi-periodic boundary conditions



Hybrid formulation

Hybrid formulation

There exists a unique couple (X, u) € A x V such that:

(f, V)E Vv eV,
0 Yu € A

{ a(u,v) + b(A, v)
b(p, u)

Rewriting the first equation of the hybrid formulation as

a(u,v) = (f,v)g— b(Av) YveV
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Hybrid formulation

Hybrid formulation

There exists a unique couple (X, u) € A x V such that:

(f.v)s  WveVv,
0 Yu €A

{ a(u, v) + b(A, v)
b(p, u)

Rewriting the first equation of the hybrid formulation as

a(u,v) = (f,v)g— b(Av) Vv eV
a(Tf,v)
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Hybrid formulation

Hybrid formulation

There exists a unique couple (X, u) € A x V such that:

(f.v)s  WveVv,
0 Yu €A

{ a(u, v) + b(A, v)
b(p, u)

Rewriting the first equation of the hybrid formulation as

(f, v)g — b(A,v) YvevV
= a(Trv)+alTXhv) Vv eV

a(u,v)
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Introducing the MHM formulation

If there exist two operators T : A — V and T : L2(§~2) — V, such that
a(Tf,v)=(f,v)5 VveV,

and
a(TA,v)=—b(\v) Vv eV,

then we must have : u= Tf+ TA.
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MHM formulation

Under the assumption that T and T exist, we obtain the MHM formulation:

MHM formulation

Find A € A such that:
b(u, TA) = —b(u, TF)  VueA.

ITH N Q
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Local problems

Using the definition of T and T we find that they are solution to the following
local problems in each K € Ty :

—kKvTkA—V - (DVTk)) = 0 in K,
DV (TkX)-n = —X on9K,
and
—KvTf -V - (DVTkf) = f inK,
DV (Txf)-n = 0 ondK.

m These local problems can be efficiently solved in parallel.
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Local problems

42/50

The operators T and T are defined locally in each element thanks to the
same local problems as in the usual case (without quasi-periodic
conditions).

The well-posedness of the MHM formulation is equivalent to the
well-posedness of the local problems.

The local problems are well-posed if K is convex and:
kH < |v|"'n,

where |v| is the PML dumping parameter.

Taking into account the above condition, we need slightly finer mesh in
the PML.

Zakaria Kassali A MHM method for the Helmholtz equation with quasi-periodic boundary conditions



Outline

A MHM method

m MHM stability results



MHM stability results

m For the standard case without QPBC, we have 7. (k) ~ k( and

MHM and FEM are stable if KH < C.

m Since “.. (k) ~ (k()?, the "naive” proof shows that:

MHM and FEM are stable if KH< C.

m We develop a finer result showing that:

MHM is stable if KH < C.
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Elements of the proof: a splitting

Quasi-periodic boundary conditions give that

u(x) = Tn(x2)e @,

ne7Z
—KZU,—T! = f, onl=(0,t),
where u,(0) = 0,
Un(l2) — iknun(€2) = 0.

Using the above expansion, we split the solution as u = i + U, where

0= 2 : /ljne/(aJran)xl and 0= § : ’l)nel(Dé‘Fan)Xl,

2|kp|2> k2 2| kn|2< k2

which are respectively solutions of the the Helmholtz problem with

f= § ;c;ei(a+an)x1 and F = E /f;ef(aﬂin)n
2| ky|2> K2 2| k|2 < k?
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Elements of the proof: the non-resonant part

For i = E Tpe'tona

2[kn|2> K2

m We have ||Ua|los < ﬁ”m

0,1, so that

- _
Cllalyz < keIFl

m Raviart and Thomas interpolant convergence result
& = nllv., < HllEll, 5

< HKG|Flly 5

m It is the usual proof when @5 (k) = k/.
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Elements of proof: the resonant part

For i = E Tpe'(atanix

2| kn|2<k?

m We have

2~ oNF
Kl g < (01l

m Raviart and Thomas interpolant convergence result
18— nllv.e S HllEll, &

< HKG) [Fll 5
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Elements of proof: the resonant part

For i/ = E Tpe'etonn

2|kn|2<k?
m We employ the following fine stability estimate:

[tnlloc,s < Kllfallos and [[dillos < Kllfallo.r,

and

foatv]
(9X1 8X2

< kaznfno,;;.

& —tnllve S H ‘

@ T. Chaumont-Frelet, D. Paredes, and F. Valentin.

Flux approximation on unfitted meshes and application to MHM methods
(2022, hal-id: 03834748).
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FEM/MHM stability results

m MHM stability condition

MHM s stable if

kK*H < C.

m Classical FEM stability condition

FEM is stable if

KH< C.
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Numerical example 1

Relative |-|1(7;,) errors

%

E.\(»l
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0 10 20 30 40 50 60 70 80 90

k =157 and H = 5, resonance on 6 = 90.
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Numerical example 2

10°

N ol

‘mhm

Relative |-|1(7;,) errors
-
9

k =157 and H = 5, resonance on § = 60.
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Summary and future works

m We obtain an optimal frequency-explicit stability estimate.

m We identify the quasi-resonances effect on:

m The problem stability
m The numerical method stability
m The PML technique

m The MHM formulation of Helmholtz equation with

m The quasi-periodic BC
m The PML technique

m The MHM is robust with respect to the quasi-resonances.
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Thank you!
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